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θ − φ−CONTRACTION ON (α, η)−COMPLETE RECTANGULAR b−METRIC
SPACES
ABDELKRIM KARI2, MOHAMED ROSSAFI1∗, EL MILOUDI MARHRANI2 AND MOHAMED AAMRI2
Abstract. In this paper, we present some fixed point results for generalized θ−φ−contraction
in the framework of (α, η)−compete rectangular b−metric spaces. Further, we establish some
fixed point theorems for this type of mappings defined on such spaces. The presented ex-
tend, generalize and improve existing results in the literature. Moreover, to support our
main results we give an illustrative example.
1. Introduction
The well known Banach contraction theory is one of the methods used, which states that if
(X, d) is a complete metric space and T : X → X is self-mapping with contraction, then T has
a unique fixed point [1].
In 2000, Branciari [3] introduced the notion of generalized metric spaces, such as the triangle
inequality is replaced by the inequality d(x, y) ≤ d(x, u)+d(u, v)+d(v, y) for all pairwise distinct
points x, y, u, v ∈ X . Since then, several results have been proposed by many mathematicians
on such spaces( see [2, 4, 6, 7, 11, 13].
The concept of metric space, as an ambient space in fixed point theory, has been generalized in
several directions. Such as, b− metric spaces [5] and generalization metric spaces.
Combining conditions used for definitions of b-metric and generalized metric spaces. Roshan
et al [15] announced the notion of rectangular b-metric space.
Hussain and et al [9] introduce the concept of α− η−complete rectangular b−metric space and
proved certain results of fixed point theory on such spaces.
In this paper, using the idea introduced by Zheng et al [16] we investigate some fixed point
results for generalized θ−φ−contraction in the setting of (α, η)−compete b−rectangular metric
spaces. The results presented in the paper are improved and extended by Jamshiad [10], Kannan
[12] and Reich [14].
2. Preliminaries
Definition 2.1. [15]. Let X be a nonempty set, s ≥ 1 be a given real number, and let d:
X×X → [0,+∞[ be a mapping such that for all x, y ∈ X and all distinct points u, v ∈ X, each
distinct from x and y:
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1. d (x, y) = 0, if only if x = y;
2. d (x, y) = d (y, x) ;
3. d (x, y) ≤ s [d (x, u) + d (u, v) + d (v, y)] (b− rectangular inequality) .
Then (X, d) is called a b−rectangular metric space.
Lemma 2.2. [15]. Let (X, d) be a rectangular b-metric space.
(a) Suppose that sequences (xn) and (yn) in X are such that xn → x and yn → y as n→∞,
with x 6= y, xn 6= x and yn 6= y for all n ∈ N. Then we have
1
s
d (x, y) ≤ lim
n→∞
inf d (xn, yn) ≤ lim
n→∞
sup d (xn, yn) ≤ sd (x, y) .
(b) if y ∈ X and (xn) is a Cauchy sequence in X with xn 6= xm for any m,n ∈ N,
m 6= n,converging to x 6= y, then
1
s
d (x, y) ≤ lim
n→∞
inf d (xn, y) ≤ lim
n→∞
sup d (xn, y) ≤ sd (x, y) ,
for all x ∈ X.
Zheng et al [16] introduced a new type of contractions called θ − φ-contractions in metric
spaces and proved a new fixed point theorems for such mapping.
Definition 2.3. [10] We denote by Θ the set of functions θ : ]0,∞[→ ]1,∞[ ,
satisfying the following conditions:
(θ1) is increasing ;
(θ2) for each sequence (xn) ∈ ]0,∞[ , limn→∞ θ (xn) = 1⇔ limn→∞ (xn) = 0;
(θ3) is continuous on ]0,∞[.
Definition 2.4. [16] We denote by Φ the set of functions φ : [1,∞[ → [1,∞[
satisfying the following conditions:
(Φ1) φ : [1,∞[ → [1,∞[ is non-decreasing;
(Φ2) for each t > 1, limn→∞φ
n(t) = 1;
(Φ3) φ is continuous on [1,∞[.
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Lemma 2.5. [16]. If φ ∈ Φ, then φ(1) = 1 and ϕ(t) < t for each t > 1.
In 2014 Hussain et al.[8] proposed a weaker definition that completeness, naming it α-
completeness for metric spaces
Definition 2.6. [8]. Let T : X → X and α, η :X×X → [0,+∞[ . We say that T is a triangular
(α, η)−admissible mapping if
(T1) α (x, y) ≥ 1 ⇒ α (Tx, T y) ≥ 1, x, y ∈ X ;
(T2) η (x, y) ≤ 1 ⇒ η (Tx, T y) ≤ 1, x, y ∈ X ;
(T3)
{
α (x, y) ≥ 1
α (y, z) ≥ 1 ⇒ α (x, z) ≥ 1 for all x, y, z ∈ X ;
(T4)
{
η (x, y) ≤ 1
η (y, z) ≤ 1 ⇒ η (x, z) ≤ 1 for all x, y, z ∈ X .
Definition 2.7. [8]. Let (X, d) be a b-rectangular metric space and let α, η :X×X → [0,+∞[
be two mappings. The space is said to be:
(a) T is α−continuous mapping on (X, d) , if for given point x ∈ X and sequence (xn) in X,
xn → x and α (xn, xn+1) ≥ 1 for all n ∈ N, imply that Txn → Tx .
(b) T is η sub−continuous mapping on (X, d) , if for given point x ∈ X and
sequence (xn) in X, xn → x and η (xn, xn+1) ≤ 1 for all n ∈ N, imply that Txn → Tx.
(c) T is (α, η) −continuous mapping on (X, d) , if for given point x ∈ X and
sequence (xn) in X, xn → x and α (xn, xn+1) ≥ 1 or η (xn, xn+1) ≤ 1 for all n ∈ N, imply that
Txn → Tx.
Hussain et al, gives the following definition at [9].
Definition 2.8. [9]. Let d (X, d) be a rectangular b-metric space and let α, η :X×X → [0,+∞[
be two mappings. The space X is said to be:
(a) α−complete, if every Cauchy sequence (xn) in X with α (xn, xn+1) ≥ 1 for all n ∈ N, con-
verges in X.
(b) η − sup−complete, if every Cauchy sequence (xn) in X with η (xn, xn+1) ≤ 1 for all n ∈ N,
converges in X.
(c) (α, η)−complete, if every Cauchy sequence (xn) in X with α (xn, xn+1) ≥ 1 or η (xn, xn+1) ≤
1 for all n ∈ N, converges in X.
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Definition 2.9. [9]. Let (X, d) be a rectangular b-metric space and let α, η :X×X → [0,+∞[
be two mappings. The space X is said to be:
(a) (X, d) is α -regular, if xn → x, where α (xn, xn+1) ≥ 1 for all n ∈ N, implies α (xn, x) ≥ 1
for all n ∈ N.
(b) (X, d) is η−sub -regular, if xn → x, where η (xn, xn+1) ≤ 1 for all n ∈ N, implies η (xn, x) ≤ 1
for all n ∈ N.
(b) (X, d) is (α, η)-regular, if xn → x, where α (xn, xn+1) ≥ 1 or η (xn, xn+1) ≤ 1 for all n ∈ N,
imply that α (xn, x) ≥ 1 or η (xn, x) ≤ 1 for all n ∈ N.
3. main results
Definition 3.1. Let d (X, d) be a (α − η)- rectangular b-metric space with parameter s > 1
and let T be a self mapping on X . Suppose that α, η : X×X → [0,+∞[ are two functions. We
say that T is an (α, η)− θ−φ−contraction, if for all x, y ∈ X with (α (x, y) ≥ 1 or η (x, y) ≤ 1)
and d (Tx, T y) > 0 we have
θ
(
s2.d (Tx, T y)
) ≤ φ [θ (β1d (x, y) + β2d (Tx, x) + β3d (Ty, y) + β4d (y, Tx))] (3.1)
where θ ∈ Θ, φ ∈ Φ, βi ≥ 0 for i ∈ {1, 2, 3, 4},
i=4∑
i=0
βi ≤ 1 and β3 < 1s .
Definition 3.2. Let (X, d) be a (α− η)-complete rectangular b−metric space and T : X → X
be a mapping.
(1) T is said to be a θ − φ− Kannan- type contraction if there exists θ ∈ Θ and φ ∈ Φ with
α (x, y) ≥ 1 or η (x, y) ≤ 1 for any x, y ∈ X, Tx 6= Ty, we have
θ
[
s2d (Tx, T y)
] ≤ φ [θ( (d (Tx, x) + d (Ty, y))
2s
)]
.
(2) T is said to be a θ − φ− Reich-type contraction if there exists θ ∈ Θ and φ ∈ Φ with
α (x, y) ≥ 1 or η (x, y) ≤ 1 for any x, y ∈ X, Tx 6= Ty, we have
θ
[
s2d (Tx, T y)
] ≤ φ [θ(d (x, y) + d (Tx, x) + d (Ty, y)
3s
)]
.
(3) T is said to be a Kannan type mapping, that is, if there exists α ∈ ]0, 12s [ with α (x, y) ≥ 1
or η (x, y) ≤ 1 for any x, y ∈ X, Tx 6= Ty, we have
s2.d (Tx, T y) ≤ α (d (Tx, x) + d (y, T y)) .
(4) T is said to be a Reich type mapping, that is, if there exists λ ∈ ]0, 13s [ with α (x, y) ≥ 1 or
η (x, y) ≤ 1 for any x, y ∈ X, Tx 6= Ty, we have
s2.d (Tx, T y) ≤ λ [d (x, y) + d (Tx, x) + d (Ty, y)] .
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Theorem 3.3. Let (X, d) be a (α, η)−complete rectangular b-metric and let
α, η : X × X → [0,+∞[ be two functions. Let T : X × X → X be a self mapping satisfying
following conditions:
(i) T is a triangular (α, η)−admissible mapping;
(ii) T is an (α, η)− θ − φ−contraction;
(iii) there exists x0 ∈ X such that α (x0, T x0) ≥ 1 or η (x0, T x0) ≤ 1;
(iv) T is a (α, η)−continuous.
Then T has a fixed point. Moreover, T has a unique fixed point when α (x, y) ≥ 1 or η (x, ) ≤ 1
for all x, y ∈ X.
Proof. Let x0 ∈ X such that α (x0, T x0) ≥ 1 or η (x0, T x0) ≤ 1.
Define a sequence {xn} by xn = T nx0 = Txn−1. Since T is a triangular (α, η)−admissible
mapping, then α (x0, x1) = α (x0, T x0) ≥ 1 ⇒ α (Tx0, T x1) ≥ 1 = α (x1, x2) or η (x0, x1) =
η (x0, T x0) ≤ 1⇒ α (Tx0, T x1) ≤ 1 = α (x1, x2)
Continuing this process we have α (xn−1, xn) ≥ 1 or η (xn−1, xn) ≤ 1, for all n ∈ N. By (T3)
and (T4) , one has.
α (xm, xn) ≥ 1 or η (xm, xn) ≤ 1, ∀m,n ∈ N, m 6= n. (3.2)
Suppose that there exists n0 ∈ N such that xn0 = Txn0 . Then xn0 is a fixed point of T and the
prove is finished. Hence, we assume that xn 6= Txn, i.e. d (xn−1, xn) > 0 for all n ∈ N. We
have
xn 6= xm, ∀m,n ∈ N,m 6= n. (3.3)
Indeed, suppose that xn = xm for some m = n+ k > n, so we have
xn+1 = Txn = Txm = xm+1.
Denote dm = d (xm, xm+1) . Then, (3.1) and lemma (2.5) implies that
θ (dn) = θ (dm) ≤ θ
(
s2dm
)
= θ
(
s2d (Txm−1, T xm)
) ≤ φ (θ (β1dm−1 + β2dm−1 + β3dm))
< θ (β1dm−1 + β2dm−1 + β3dm) .
As θ is increasing, so
dn = dm < β1dm−1 + β2dm−1 + β3dm.
Hence
dm <
β1 + β2
1− β3 dm−1.
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Since
β1 + β2 + β3 ≤ 1.
Thus
dm < dm−1.
Continuing this process, we can prove that dn = dm < dn, which is a Contradiction. Thus, in
follows, we can assume that (3.2) and (3.3) hold.
We shall prove that
lim
n→+∞
d (xn, xn+1) = 0 and lim
n→+∞
d (nn, xn+2) = 0. (3.4)
Since T is (α, η)− θ − φ− contraction, we get
θ (dn) = θ (d (Txn−1, T xn))
≤ θ (s2d (Txn−1, T xn))
≤ φ (θ (β1dn−1 + β2dn−1 + β3dn))
< θ (β1dn−1 + β2dn−1 + β3dn) .
Since θ is increasing, we deduce that dn < β1dn−1 + β2dn−1 + β3dn, thus
dn <
β1 + β2
1− β3 dn−1. (3.5)
Since β1+β21−β3 ≤ 1. Then
dn < dn−1. (3.6)
Therefore d(xn, xn+1) is monotone strictly decreasing sequence of non negative real numbers.
Consequently, there exists α ≥ 0, such that such that
lim
n→+∞
d (xn, xn+1) = α.
which again by (3.1) , (3.6) and property of (θ) , we have
1 < θ (dn) ≤ φ (θ (β1dn−1 + β2dn−1 + β3dn))
≤ φ (θ (dn−1)) ≤ φ2 (θ (dn−2)) ≤ ... ≤ φn (θ (d0)) = φn (θ (d (x0, x1))) . (3.7)
By taking the limit as n → ∞ in (3.7) and using (Φ2) , we have
1 ≤ lim
n→+∞
θ (d (xn, xn+1)) ≤ φn (θ (d (x0, x1))) .
Then lim
n→+∞
θ (d (xn, xn+1)) = 1, by Θ2, we obtain
lim
n→+∞
d (xn, xn+1) = 0. (3.8)
On the other hand,
θ
(
s2d (xn, xn+2)
) ≤ φ [θ (β1d (xn−1, xn+1) + β2d (xn−1, xn) + β3d (xn+1, xn+2) + β4d (xn+1, xn))]
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≤ φ
[
θ
(
sβ1d (xn−1, xn+2) + sβ1d (xn+2, xn) + sβ1d (xn, xn+1) + β2d (xn−1, xn)
+β3d (xn+1, xn+2) + β4d (xn+1, xn)
)]
≤ φ
[
θ
(
s2β1d (xn−1, xn) + s
2β1d (xn, xn+1) + s
2β1d (xn+1, xn+2) + sβ1d (xn+2, xn)
+sβ1d (xn, xn+1) + β2d (xn−1, xn) + β3d (xn+1, xn+2) + β4d (xn+1, xn)
)]
.
By θ1 and Lemma 2.5, we obtain
s2d (xn, xn+2) < s
2β1d (xn−1, xn) + s
2β1d (xn, xn+1) + s
2β1d (xn+1, xn+2) + sβ1d (xn+2, xn)
+sβ1d (xn, xn+1) + β2d (xn−1, xn) + β3d (xn+1, xn+2) + β4d (xn+1, xn) ,
Therefore,(
s2 − sβ1
)
d (xn, xn+2) < s
2β1d (xn−1, xn) + s
2β1d (xn, xn+1) + sβ1d (xn+1, xn+2)
+ sβ1d (xn, xn+1) + β2d (xn−1, xn) + β3d (xn+1, xn+2) + β4d (xn+1, xn) . (3.9)
Taking the limit as n →∞ in (3.9) and using (3.8) , since s2 − sβ1 > 0 , we have
lim
n→+∞
d (xn, xn+2) = 0.
Hence (3.4) is proved.
Next, we show that {xn} is an Cauchy sequence in X, if otherwise there exists an ε > 0 for
which we can find sequences of positive integers
{
xn(k)
}
k
and
{
xm(k)
}
k
of (xn) such that,for
all positive integers k, n(k) > m(k) > k,
d
(
xm(k) , xn(k)
) ≥ ε (3.10)
and
d
(
xm(k) , xn(k)−1
)
< ε (3.11)
From (3.10) and using the rectangular inequality, we get
ε ≤ d (xm(k) , xn(k)) ≤ sd (xm(k) , xm(k)+1)+ sd (xm(k)+1 , xn(k)+1)+ sd (xn(k)+1 , xn(k)) . (3.12)
Taking the upper limit as k →∞ in (3.12) and using (3.4) , we get
ε
s
lim
n→+∞
sup d
(
xm(k)+1 , xn(k)+1
)
. (3.13)
Moreover,
d
(
xm(k) , xn(k)
) ≤ sd (xm(k) , xn(k)−1)+ sd (xn(k)−1 , xn(k)+1)+ sd (xn(k)+1 , xn(k)) .
Then, from (3.11) and (3.8) , we get
lim
n→+∞
supd
(
xm(k) , xn(k)
) ≤ sε. (3.14)
On the other hand we have
d
(
xn(k) , xm(k)+1
) ≤ sd (xn(k) , xn(k)−1)+ sd (xn(k)−1 , xm(k))+ sd(xxm(k) , xm(k)+1
)
. (3.15)
Then , from (3.11) and (3.8), we get
lim
n→+∞
sup d
(
xn(k) , xm(k)+1
) ≤ sε. (3.16)
Applying (3.1) with x = xm(k) and y = xn(k) , we have
θ
(
s2d
(
xm(k)+1 , xn(k)+1
))
= θ
(
s2d
(
Txm(k) , T xn(k)
))
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≤ φ
(
θ
(
β1d
(
xm(k) , xn(k)
)
+ β2d
(
xm(k) , T xm(k)
)
+β3d
(
xn(k) , T xn(k)
)
+ β4d
(
xn(k) , T xm(k)
)
))
. (3.17)
Now taking the upper limit as k →∞ in (3.17) and using (θ1) , (θ3) , (φ3), (3.13) , (3.8) , (3.14) , (3.16)
and Lemma (2.5) we have
θ
(
s2.
ε
s
)
= θ (ε.s) ≤ θ
(
s2 lim
k→+∞
sup d
(
xm(k)+1 , xn(k)+1
))
(3.18)
≤ φ

θ

 β1 limk→+∞ sup d
(
xm(k) , xn(k)
)
+ β2 lim
k→+∞
sup d
(
xm(k) , T xm(k)
)
+β3 lim
k→+∞
supd
(
xn(k) , T xn(k)
)
+ β4 lim
k→+∞
supd
(
xn(k) , T xm(k)
)




≤ φ (θ (β1sε+ β4sε)) < θ (sε (β1 + β4)) . (3.19)
Therefore ε.s < sε (β1 + β4) implies s < β1 + β4. Which is a contradiction.
Consequently, {xn} is a Cauchy sequence in α−η−complete rectangular b- metric space (X, d) .
Since α (xn−1, xn) ≥ 1 or η (xn−1, xn) ≤ 1, for all n ∈ N.
This implies that the sequence {xn} is converges to some z ∈ X . Suppose that
z 6= Tz. Then, we have all the assumption of Lemma 2.2 and T is (α, η)−continuous, then
Txn → Tz as n→∞. Therefore,
1
s
d (z, T z) ≤ lim
n→+∞
sup d (xn, T xn) = 0.
Hence we have d (z, T z) = 0 and so Tz = z. Thus z is a fixed point of T.
Uniqueness.
Let z, u ∈ Fix (T ) where z 6= u and α (z, u) ≥ 1 or η (z, u) ≤ 1.
Applying (3.1) with x = z and y = u we have
θ (d (z, u)) = θ (d (Tz, Tu))
≤ θ (s2d (Tz, Tu))
≤ φ (θ (β1d (z, u) + β2d (z, T z) + β3d (u, Tu) + β4d (Tz, u)))
≤ φ (θ (β1d (z, u) + β4d (Tz, u)))
≤ φ (θ (d (z, u))) .
Since θ is increasing, Therefore
d (z, u) < d (z, u) .
Which is a contradiction. Hence, z = u and T has a unique fixed point. 
Recall that a self-mapping T is said to have the property P , if Fix(T ) = Fix(T n) for every
n ∈ N
Theorem 3.4. Let α, η : X ×X → R+ be two function and let (X, d) be an (α, η)−complete
rectangular b-metric space. Let T : X → X be a mapping satisfying the following conditions:
(i) T is a triangular (α, η)− admissible mapping;
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(ii) T is an (α, η)− θ − φ−contraction;
(iii) α (z, T z) ≥ 1 or η (z, T z) ≤ 1, for all z ∈ Fix (T ) .
Then T has the property P.
Proof. Let z ∈ Fix (T n) for some fixed n > 1. As α (z, T z) ≥ 1 or η (z, T z) ≤ 1
and T is a triangular (α, η)-admissible mapping, then
α
(
Tz, T 2z
) ≥ 1 or η (T 2z, T z) ≤ 1.
Continuing this process, we have
α
(
T nz, T n+1z
) ≥ 1 or η (T nz, T n+1z) ≤ 1,
for all n ∈ N. By (T3) and (T4) we get
α (Tmz, T nz) ≥ 1 or η (Tmz, T nz) ≤ 1, ∀ m,n ∈ N, n 6= m.
Assume that z /∈ Fix (T ) ,i.e. d (z, T z) > 0.
Applying (3.1) with x = T n−1z and y = z, we get
d (z, T z) = d (T nz, T z) = d
(
TT n−1z, T z
) ≤ s2d (TT n−1z, T z) ,
which implies that
θ(d
(
TT n−1z, T z
)
) ≤ φ [θ (β1d (T n−1z, z)+ β2d (T n−1z, T nz)+ β3d (z, T z) + β4d (z, T nz))]
< θ
[
β1d
(
T n−1z, z
)
+ β2d
(
T n−1z, T nz
)
+ β3d (z, T z) + β4d (z, T
nz)
]
= θ
[
β1d
(
T n−1z, T nz
)
+ β2d
(
T n−1z, T nz
)
+ β3d (z, T z)
]
.
Since θ is increasing, Therefore,
d (z, T z) <
β1 + β2
1− β3 d
(
T n−1z, T nz
) ≤ d (T n−1z, T nz) ,
which is a contradiction as d
(
T n−1z, T nz
)→ 0 and d (z, T z) > 0. 
Assuming the following conditions, we prove that Theorem 3.3 still hold for T not necessarily
continuous:
Theorem 3.5. Let α, η : X×X → R+ be two functions and let d (X, d) be an (α, η)−complete
rectangular b-metric space.
Let T : X → X be a mapping satisfying the following assertions:
(i) T is triangular (α, η)−admissible;
(ii) T is (α, η)− θ − φ−contraction;
(iii) there exists x0 ∈ X such that α (x0, T x0) ≥ 1 or η (x0, T x0) ≤ 1;
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(iv) (X, d) is an (α, η)-regular rectangular b-metric space.
Then T has a fixed point. Moreover, T has a unique fixed point whenever
α (z, u) ≥ 1 or η (z, u) ≤ 1 for all z, u ∈ Fix (T ) .
Proof. Let x0 ∈ X such that α (x0, T x0) ≥ 1 or η (x0, T x0) ≤ 1. Similar to the proof of Theorem
3.3, we can conclude that
(α (xn, xn+1) ≥ 1 or η (xn, xn+1) ≤ 1) , and xn → z as n→∞,
where xn+1 = Txn.
From (iv) α (xn+1, z) ≥ 1 or η (xn+1, z) ≤ 1, hold for n ∈ N.
Suppose that Tz = xn0+1 = Txn0 for some n0 ∈ N. From the Theorem 3.3 we know that the
members of the sequence {xn} are distinct. Hence, we have Tz 6= Txn, i.e. d (Tz, Txn) > 0 for
all n > n0. Thus, we can apply (3.1), to xn and z for all n > n0 to get
θ (d (Txn, T z)) ≤ θ
(
s2d (Txn, T z)
)
≤ φ (θ (β1d (xn, z) + β2d (xn, T xn) + β3d (z, T z) + β4d (z, Txn))) .
By Lemma (2.5) and (θ1), we obtain
d (Txn, T z) < (β1d (xn, z) + β2d (xn, T xn) + β3d (z, T z) + β4d (z, Txn)) . (3.20)
By taking the limit as n → ∞ in (3.20), we have
lim
n→∞
supd (Txn, T z) ≤ β3d (z, T z) .
Assume that z 6= Tz. Then, from lemma 2.2,
1
s
d (z, T z) ≤ lim
n→∞
sup d (Txn, T z) ≤ β3d (z, T z) .
by assumption β3 <
1
s
, we have d (z, T z) = 0 and so z = Tz. Thus, z is a fixed point of T.
The proof of the uniqueness is similarly to that of Theorem 3.3.

Above Theorems. If we take φ (t) = tk, for some fixed k ∈ ]0, 1[ ,
where β1 = 1 and β2 = β3 = β4 = 0. We obtain the following extension of Jamshaid et al,
result (Theorem 2.2) [10] of (α, η)− complete rectangular b-metric space.
Corollary 3.6. Let α, η : X ×X → [0,+∞[ be two functions, d (X, d) be an (α, η)− complete
rectangular b-metric space and let T : X → X be self-mapping. Suppose for all x, y ∈ X with
α (x, y) ≥ 1 or η (x, y) ≤ 1 and d (Tx, T y) > 0
we have
θ
[
s2d (Tx, T y) ≤ [θ (d (x, y)])]k ,
where θ ∈ Θ and k ∈ ]0, 1[. If the mapping T satisfying the following assertions:
point, if
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(i) T is a triangular (α, η)−admissible mapping;
(ii) there exists x0 ∈ X such that α (x0, T x0) ≥ 1 or η (x0, T x0) ≤ 1;
(iii) T is (α, η) continuous; or
(iv) is an (α, η)−regular rectangular b−metric space.
Then T has a fixed point. Moreover, T has a unique fixed point whenever
α (z, u) ≥ 1 or η (z, u) ≤ 1 for all z, u ∈ Fix (T ) .
Proof. Let φ (t) = tk, we prove that T is an (α, η) − θ − φ−contraction, Hence T satisfies in
assumption of Theorem 3.3 or Theorem 3.5 and is the unique fixed point of T.

It follows from Theorem 3.3, we obtain the following fixed point theorems for θ−φ- Kannan-
type contraction and θ − φ Reich-type contraction.
Theorem 3.7. Let (X, d) be a (α, η)−complete rectangular b-metric space and let α, η :
X × X → [0,+∞[ be two functions. Let T : X × X → X be a self mapping satisfying fol-
lowing conditions:
(i) T is a triangular (α, η)− admissible mapping;
(ii) T is a (α, η)− θ − φ−Kannan-type contraction;
(iii) T there exists x0 ∈ X such that α (x0, T x0) ≥ 1 or η (x0, T x0) ≤ 1;
(iv) T is a (α, η)−continuous.
Then T has a fixed point. Moreover, T has a unique fixed point when α (x, y) ≥ 1 or η (x, y) ≤ 1
for all x, y ∈ X.
Proof. If T is a (α, η) − θ − φ− Kannan-type contraction, thus there exists θ ∈ Θ and φ ∈ Φ
with α (x, y) ≥ 1 or η (x, y) ≤ 1 for any x, y ∈ X, Tx 6= Ty, we have
θ
[
s2d (Tx, T y)
] ≤ φ [θ( (d (Tx, x) + d (Ty, y))
2s
)]
.
Therefore,
θ
[
s2d (Tx, T y)
] ≤ φ [θ ((β1d (x, y) + β2d (Tx, x) + β3d (Ty, y) + β4d (Tx, y))] ,
where β1 = β4 = 0, β2 = β3 =
1
2s , which implies that T is a (α, η)−θ−φ contraction Therefore,
from the Theorem (3.3) . T has a unique fixed point.

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Theorem 3.8. Let (X, d) be a (α, η)−complete rectangular b-metric space and let α, η :
X × X → [0,+∞[ be two functions. Let T : X × X → X be a self mapping satisfying fol-
lowing conditions:
(i) T is a triangular (α, η)− admissible mapping;
(ii) T is a (α, η)− θ − φ− Reich-type contraction;
(iii) T there exists x0 ∈ X such that α (x0, T x0) ≥ 1 or η (x0, T x0) ≤ 1;
(iv) T is a (α, η)−continuous.
Then T has a fixed point. Moreover, T has a unique fixed point when
α (x, y) ≥ 1 or η (x, y) ≤ 1 for all x, y ∈ X.
Proof. If T is a (α, η)− θ−φ− Reich-type contraction, thus there exists θ ∈ Θ and φ ∈ Φ with
α (x, y) ≥ 1 or η (x, y) ≤ 1 for any x, y ∈ X, Tx 6= Ty, we have
θ
[
s2d (Tx, T y)
] ≤ φ [θ( (d (x, y) + d (Tx, x) + d (Ty, y))
3s
)]
.
Therefore,
θ
[
s2d (Tx, T y)
] ≤ φ [θ ((β1d (x, y) + β2d (Tx, x) + β3d (Ty, y) + β4d (Tx, y))] ,
where β1 = β2 = β3 =
1
3s and β4 = 0, which implies that T is a (α, η) − θ − φ contraction.
Therefore, from the Theorem (3.3) . T has a unique fixed point.

Corollary 3.9. Let (X, d) be a (α, η)−complete rectangular b-metric space and let α, η :
X × X → [0,+∞[ be two functions. Let T : X × X → X be a self mapping satisfying fol-
lowing conditions:
(i) T is a triangular (α, η)− admissible mapping;
(ii) T is a (α, η)− Kannan type mapping,
(iii) T there exists x0 ∈ X such that α (x0, T x0) ≥ 1 or η (x0, T x0) ≤ 1;
(iv) T is a (α, η)−continuous.
Then T has a fixed point. Moreover, T has a unique fixed point when
α (x, y) ≥ 1 or η (x, y) ≤ 1 for all x, y ∈ X. Then T has a unique fixed point x ∈ X.
Proof. Let θ(t) = et for all t ∈ ]0,+∞[, and φ (t) = t2sα for all t ∈ [1,+∞[.
It is obvious that θ ∈ Θ and φ ∈ Φ. We prove that T is a θ − φ- Kannan-type contraction.
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θ
(
s2d (Tx, T y)
)
= es
2d (Tx, T y)
≤ eα (d (Tx, x) + d (y, T y))
= e
2sα
(
d (Tx, x) + d (y, T y)
2s
)
=

e
(
d (Tx, x) + d (y, T y)
2s
)

2sα
= φ
[
θ
(
d (Tx, x) + d (y, T y)
2s
)]
.
Therefore, from Theorem 3.3, T has a unique fixed point x ∈ X

Corollary 3.10. Let (X, d) be a (α, η)−complete rectangular b-metric space and let α, η :
X ×X → [0,+∞[ be two functions. Let T : X ×X → X be a self mapping satisfying following
conditions:
(i) T is a triangular (α, η)−admissible mapping;
(ii) T is a (α, η)−Reich type mapping,
(iii) T there exists x0 ∈ X such that α (x0, T x0) ≥ 1 or η (x0, T x0) ≤ 1;
(iv) T is a (α, η)−continuous.
Then T has a fixed point. Moreover, T has a unique fixed point when
α (x, y) ≥ 1 or η (x, y) ≤ 1 for all x, y ∈ X.
Proof. Let θ(t) = et for all t ∈ ]0,+∞[, and φ (t) = t3sλ for all t ∈ [1,+∞[.
We prove that T is a θ − φ- Reich-type contraction.
θ
(
s2d (Tx, T y)
)
= es
2d (Tx, T y)
≤ e3λs
(d (x, y) + d (Tx, x) + d (y, T y))
3s
=

e (d (x, y) + d (Tx, x) + d (y, T y))3s


3λs
= φ
[
θ
((
(d (x, y) + d (Tx, x) + d (y, T y))
3
))]
.
Therefore, from Theorem 3.3, T has a unique fixed point x ∈ X.

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Example 3.11. Consider the set X = {1, 2, 3, 4} . It is easy to check that the mapping
d : X ×X → [0,+∞[ given by
(i) d (x, y) = d (y, x) , d (x, x) = 0 for all x, y ∈ X,
(ii) d (1, 2) = 124 , d (1, 3) = 3, d (1, 4) = 4,
(iii) d (2, 3) = 5, d (2, 4) = 6, d (3, 4) = 18.
Clearly (X, d) is a rectangular b−metric space with parameter s = 2.
Define mapping T : X → X and α, η : X ×X → [0,+∞[ by


T (1) = 1
T (2) = 1
T (3) = 1
T (4) = 2
and
α (x, y) =
x+ y
max {x, y} ,
η (x, y) =
|x− y|
max {x, y} .
Then, T is an (α, η)−continuous triangular and(α, η)−admissible mapping.
Let θ (t) =
√
t+ 1, φ (t) = 2t+13 and β1 =
4
10 , β2 =
1
10 , β3 =
3
10 , β4 =
2
10 .
It obvious that θ ∈ Θ and φ ∈ Φ.
Evidently, ((α (x, y) ≥ 1 or (x, y) ≤ 1) and d (Tx, T y) > 0 are when
{x, y} = {1, 4} , {x, y} = {2, 4} , or {x, y} = {3, 4}. Consider the following four possibilities:
For x = 1, y = 4. then
θ
(
s2.d (T 1, T 4)
)
=
√
1
6
+ 1 = 1.4,
and
φ (θ (β1d (1, 4) + β2d (1, T 1)) + β3d (4, T 4) + β4d (4, T 1)) = φ
(
θ
(
21
5
))
= 2.36,
then
θ
(
s2.d (T 1, T 4)
) ≤ φ (θ (β1d (1, 4) + β2d (1, T 1)) + β3d (4, T 4) + β4d (4, T 1)) .
For x = 2, y = 4. then
θ
(
s2.d (T 2, T 4)
)
=
√
1
6
+ 1 = 1.4,
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and
φ (θ (β1d (2, 4) + β2d (2, T 2)) + β3d (4, T 4) + β4d (4, T 2))
= φ (θ (3.65)) = 2.27,
then
θ
(
s2.d (T 2, T 4)
) ≤ φ (θ (β1d (2, 4) + β2d (2, T 2)) + β3d (4, T 4) + β4d (4, T 2)) .
For x = 3, y = 4. then
θ
(
s2.d (T 3, T 4)
)
=
√
1
6
+ 1 = 1.4,
and
φ (θ (β1d (3, 4) + β2d (3, T 3)) + β3d (4, T 4) + β4d (4, T 3)) = φ (θ (10.1)) = 3.13,
then
θ
(
s2.d (T 3, T 4)
) ≤ φ (θ (β1d (3, 4) + β2d (3, T 3)) + β3d (4, T 4) + β4d (4, T 3)) .
Hence T satisfying assumption of Theorem (3.3) and 1 is the unique fixed point of T .
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